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We study theoretically Anderson localization of two-dimensional massless pseudospin-1 Dirac
particles in a random one-dimensional scalar potential. We focus explicitly on the effect of disorder
correlations, considering a short-range correlated dichotomous random potential at all strengths of
disorder. We also consider a δ-function correlated random potential at weak disorder. Using the
invariant imbedding method, we calculate the localization length in a numerically precise way and
analyze its dependencies on incident angle, disorder correlation length, disorder strength, energy,
wavelength and average potential over a wide range of parameter values. In addition, we derive
analytical formulas for the localization length, which are very accurate in the weak and strong
disorder regimes. From the Dirac equation, we obtain an expression for the effective wave impedance,
using which we explain several conditions for delocalization. We also deduce a condition under
which the localization length vanishes. For all cases considered, the localization length depends
non-monotonically on the disorder correlation length and diverges as θ−4 as the incident angle θ
goes to zero. As the disorder strength is varied from zero to infinity, we find that there appear
three different scaling regimes. As the energy or wavelength is varied from zero to infinity, there
appear three or four different scaling regimes with different exponents, depending on the value of
the average potential. The crossovers between different scaling regimes are explained in terms of
the disorder correlation effect.
I. INTRODUCTION
In Dirac materials, the quasiparticles obey an effective
Dirac-type equation and their dynamics resembles that of
relativistic particles. Since the experimental isolation of
single-layer graphene in 2004, the interest in Dirac mate-
rials has increased explosively motivated by their promis-
ing potential applications in various devices and many in-
teresting physical properties [1, 2]. In addition to single-
layer and bilayer graphene, the study of Dirac materials
has expanded to other pseudo-relativistic materials such
as topological insulators, pseudospin-N Dirac materials,
Weyl and Dirac semimetals and Kane semiconductors
and the list keeps growing [3–9]. Since Dirac materials
and metamaterials can be realized in condensed-matter
systems, photonic-crystal structures and cold-atom op-
tical lattices, researches in pseudo-relativistic systems
have become very popular in many disciplines of physics
including condensed matter physics, optics and atomic
physics [10–14].
If we ignore effects such as intervalley scattering, elec-
tron spin and electron-electron and electron-phonon in-
teractions, the quasiparticles in graphene are described
by a two-dimensional (2D) pseudospin-1/2 Dirac equa-
tion for massless particles, where the pseudospin rep-
resents the two different sublattices of the underlying
honeycomb lattice [3]. More recently, the study of
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pseudospin-1/2 systems has been extended to those with
general pseudospin N (= 1, 3/2, 2, · · · ) [15, 16]. In the
massless case, all these pseudospin-N Dirac systems dis-
play the Klein tunneling effect, which is manifested as a
total transmission of normally-incident particles through
an arbitrary scalar potential barrier [17–19]. In the
case of pseudospin-1 systems, an omnidirectional total
transmission phenomenon termed super-Klein tunneling,
which occurs when the particle energy is precisely one
half of the constant potential barrier, has attracted much
interest [20–24]. In addition to these, there have been
many recent theoretical studies exploring various prop-
erties of pseudospin-1 systems [25, 26].
The unique transport properties of Dirac materials
also influence the nature of Anderson localization in ran-
dom potentials [27–29]. Differences in the types of wave
equations, the material properties and the nature of dis-
order can influence Anderson localization strongly [30–
37]. Since the wave equation obtained from the Dirac
equation is of a substantially different type from the
Schro¨dinger equation and the electromagnetic wave equa-
tion, we expect conceptually new localization phenom-
ena to arise in Dirac materials. Anderson localization
in pseudospin-1/2 systems in a random one-dimensional
(1D) scalar potential has been studied theoretically by
several authors [38–43]. It has been shown that localiza-
tion is destroyed at normal incidence due to the Klein
tunneling effect. Close to the normal incidence, the lo-
calization length ξ has been shown to scale as ξ ∝ θ−2,
where θ is the incident angle. As the disorder strength
increases from zero to infinity, the localization length
2shows a non-monotonic behavior, such that it initially
decreases, attains a minimum value and then increases
to infinity. This type of counterintuitive delocalization
effect induced by strong disorder has been interpreted in
terms of effective impedance [41].
Anderson localization of pseudospin-1 Dirac particles
in a random 1D scalar potential was studied theoretically
in two recent papers [42, 43]. In Ref. [42], the localization
length for a random multilayer structure, where all layers
had the same thickness and the potential in each layer
was a random variable distributed uniformly in the range
[−W,W ], was calculated numerically using the transfer
matrix method by averaging over 4000 random configu-
rations. In addition, some analytical results on the lo-
calization length were obtained using the surface Green
function method. The authors reported a very peculiar
transition behavior such that the localization length di-
verged as ξ ∝ sin−4 θ at normal incidence when W was
smaller than the particle energy E, while it diverged as
ξ ∝ sin−2 θ when W was larger than E.
In Ref. [43], the localization length was calculated as a
function of the wavelength in the long wavelength limit
using the same method as in Ref. [42] for three different
types of random multilayer models. In the first model,
the potential in each layer was randomly selected from
the two values V0 +W and V0 −W . In this binary case,
the authors showed that the localization length scaled as
ξ ∝ λ6 if V0 = 0 and as ξ ∝ λ4 if V0 6= 0 in the long
wavelength limit. When V0 6= 0, they also reported that
there appeared a sharp peak of the localization length at
the value of λ corresponding to E = V0, signifying the
onset of delocalization. In the second model, the poten-
tial in the i-th layer was randomly selected from the two
values W (1 + δi) and −W (1 + δi), where δi is a random
number distributed uniformly in a small interval [−Q,Q].
In this case, the authors showed that ξ scaled as ξ ∝ λ4
in the long wavelength limit. In the third model, lay-
ers with zero potential were alternated periodically with
those with a random potential and the scaling of ξ was
found to be ξ ∝ λ2 in the long wavelength limit. It was
argued that this nonuniversal dependence of the scaling
exponent on the specific type of the random potential
was a characteristic of pseudospin-1 Dirac systems.
We point out that the random multilayer structures
considered in Refs. [42] and [43] have short-range dis-
order correlations imbedded in them. However, the in-
fluence of these correlations on localization phenomena
was not studied explicitly. In Ref. [42], the incident an-
gle dependence was investigated carefully, but the scaling
dependence on other parameters was not analyzed in de-
tail especially in the strong disorder regime. On the other
hand, the results reported in Ref. [43] were limited to the
long wavelength limit. Therefore it is highly desirable to
study the scaling behavior of a single model in the entire
wavelength (or energy) range from zero to infinity and
the effect of disorder correlations on the the crossover
between different scaling behaviors.
Recently, there has been much interest in the roles of
short-range and long-range disorder correlations in local-
ization phenomena [33, 44–46]. In this paper, we extend
this approach to the localization in Dirac systems. We
consider the continuum Dirac equation in 2D for massless
pseudospin-1 particles in a random 1D scalar potential
and calculate the localization length using the invariant
imbedding method (IIM) [47–54]. In order to study the
scaling behavior of the localization length in the entire
energy range and the influence of disorder correlations
on it, we consider a short-range correlated dichotomous
(or binary) random potential which is explicitly charac-
terized by a correlation length lc as well as its strength.
In addition, we consider a δ-correlated (or uncorrelated)
random potential in the weak disorder regime and com-
pare the results with those from the short-range corre-
lated model. One of the main advantages of our IIM is
that we can perform the disorder averaging analytically
in an exact way and convert the original random prob-
lem into an equivalent nonrandom one. Therefore we can
avoid repeating calculations for a large number of random
configurations and then averaging over the results. An-
other advantage is that it is possible to derive analytical
formulas for the localization length which are extremely
accurate in the weak and strong disorder regimes.
Using our method, we investigate the dependencies of
the localization length on incident angle, disorder corre-
lation length, disorder strength, energy, wavelength and
average potential over a wide range of parameter values.
We find different scaling behaviors in the different re-
gions of the parameter space and explain the crossovers
between them in terms of the disorder correlation ef-
fect. We also derive an expression for the effective wave
impedance, using which we interpret several delocaliza-
tion phenomena.
Massless pseudospin-1 systems are characterized by
two Dirac cones intersected by a flat band at the Dirac
point. It has been known that they can be realized in
2D lattices such as the Lieb, dice and kagome lattices
[55]. Recently, there has been much progress in the
experimental realization of pseudospin-1 systems. Sev-
eral candidate 2D materials, which may be described
by the pseudospin-1 Dirac equation, have been discov-
ered [56, 57]. There also have been many attempts to
construct artificial 2D lattice structures displaying the
properties of pseudospin-1 systems, based on cold-atom
optical lattices, photonic crystal structures and artificial
electronic lattices [58–60]. Due to this rapid develop-
ment, we expect that it will be possible to explore the
unique properties of these systems experimentally in the
near future.
The rest of this paper is organized as follows. In Sec. II,
we introduce the pseudospin-1 Dirac equation and the
two different kinds of random potentials used in this
study. We also derive an analytical expression for the
wave impedance. In Sec. III, the IIM for the calculation
of the localization length is described and the invariant
imbedding equations for the two random models are de-
rived. In Sec. IV, we apply the perturbation expansion
3method to the invariant imbedding equations and derive
analytical formulas for the localization length in the weak
and strong disorder regimes. In Sec. V, we present de-
tailed numerical results obtained using the IIM and dis-
cuss the dependencies of the localization length on inci-
dent angle, disorder correlation length, disorder strength,
energy, wavelength and average potential. We conclude
the paper in Sec. VI.
II. MODEL
The effective Hamiltonian that describes massless
pseudospin-1 Dirac-like particles moving in the 2D xy
plane in a 1D scalar potential U = U(x) takes the form
H = vF (Sxpx + Sypy) + UI, (1)
where vF is the Fermi velocity and I is the 3 × 3 unity
matrix. The x and y components of the pseudospin-1
operator, Sx and Sy, are represented by
Sx =
1√
2

0 1 01 0 1
0 1 0

 , Sy = 1√
2

0 −i 0i 0 −i
0 i 0

 . (2)
In the case where the potential U depends only on x, the
x and y components of the momentum operator, px and
py, are given by
px =
h¯
i
d
dx
, py = h¯ky, (3)
where ky is the constant of motion.
The time-independent Dirac equation in 2D for
the three-component vector wave function ψ [=
(ψ1, ψ2, ψ3)
T
] is
Hψ = Eψ, (4)
which is a set of three coupled first-order differential
equations for ψ1, ψ2 and ψ3. We can eliminate ψ1 and
ψ3 using the equations
ψ1 = − i√
2
h¯vF
E − U
(
d
dx
+ ky
)
ψ2,
ψ3 = − i√
2
h¯vF
E − U
(
d
dx
− ky
)
ψ2, (5)
and obtain a single wave equation for ψ2 of the form
d
dx
(
h¯vF
E − U
dψ2
dx
)
+
(
E − U
h¯vF
− h¯vF ky
2
E − U
)
ψ2 = 0. (6)
We assume that a plane wave described by ψ2 is
incident obliquely from the free region x > L where
U = 0 onto the nonuniform region in 0 ≤ x ≤ L where
U = U(x), and then transmitted to the free region x < 0
where U = 0. The wave number in the free regions, k, is
related to the particle energy E by
k =
E
h¯vF
. (7)
The negative x component of the wave vector in the inci-
dent and transmitted regions, kx, and the y component
of the wave vector, ky, are given by
kx = k cos θ, ky = k sin θ, (8)
where θ is the incident angle.
We introduce a dimensionless quantity ǫ = ǫ(x) defined
by
ǫ = 1− u, (9)
where u = U/E. In the incident and transmitted regions
where U = 0, we have ǫ = 1. In terms of ǫ, the wave
equation, Eq. (6), can be written concisely as
d
dx
(
1
ǫ
dψ2
dx
)
+ kx
2ǫη2ψ2 = 0, (10)
where η is defined by
η2 =
1
cos2 θ
(
1− sin
2 θ
ǫ2
)
. (11)
We notice that the wave equation of this form looks iden-
tical to that for p-polarized electromagnetic waves prop-
agating normally in a medium with the wave impedance
function given by η(x). In the free regions where ǫ = 1,
η2 is identically equal to 1. Therefore, if η2 is unity in the
inhomogeneous region 0 ≤ x ≤ L as well, the impedance
is matched throughout the space and there will be no
wave scattering.
There are two cases where the impedance matching can
be achieved. If the incident angle θ is zero, η2 is identi-
cally equal to 1 regardless of the magnitude and the func-
tional form of U(x). This is the well-known Klein tun-
neling phenomenon occurring at normal incidence. The
other case occurs when ǫ = −1 corresponding to a con-
stant potential barrier of height U = 2E. In this case, η2
is unity for all θ and therefore an omnidirectional total
transmission arises. This phenomenon has been termed
super-Klein tunneling [20–24].
In this paper, we are interested in the localization of
pseudospin-1 Dirac-like particles in a random 1D scalar
potential. We assume that in the region 0 ≤ x ≤ L, U is
a random function of x given by
U = U0 + δU(x), (12)
where U0 is the disorder-averaged value of U and δU(x) is
the randomly-fluctuating part of U with zero mean. We
will consider two different types of δU(x). In the first
case, it is a Gaussian random function satisfying
〈δU(x)δU(x′)〉 = Gδ(x − x′), 〈δU(x)〉 = 0, (13)
where the notation 〈· · · 〉 denotes averaging over disor-
der and G is a parameter characterizing the strength of
disorder. This case corresponds to uncorrelated white
noise. In the second case, we assume that δU(x) is a
short-range correlated dichotomous (or binary) Gaussian
4random function, which fluctuates randomly between the
two values S and −S and satisfies
〈δU(x)δU(x′)〉 = S2 exp (−|x− x′|/lc) , 〈δU(x)〉 = 0.
(14)
In this case, S2 measures the strength of disorder and
the parameter lc is the correlation length of disorder.
By short-range correlation, we mean that the correla-
tion function 〈δU(x)δU(x′)〉 decays exponentially versus
|x−x′|. If it decays as a power law, the random potential
is called long-range correlated.
Our method is based on deriving a set of equivalent
nonrandom differential equations starting from the orig-
inal random wave equation, where the effect of random-
ness is taken care of analytically. Later, we will show that
in the case of δ-correlated randomness, this method can
be applied only when the disorder is sufficiently weak,
while in the case of dichotomous randomness, it can be
applied to arbitrary strengths of disorder. Therefore our
numerical calculations will be mainly focused on the case
of short-range correlated dichotomous randomness.
III. INVARIANT IMBEDDING METHOD
We can solve the wave equation, Eq. (6), using the IIM.
In this method, we first calculate the reflection and trans-
mission coefficients r and t defined by the wave functions
in the incident and transmitted regions:
ψ2 (x, L) =
{
e−ikx(x−L) + r(L)eikx(x−L), x > L
t(L)e−ikxx, x < 0
,
(15)
where r and t are regarded as functions of L. The first
step in the derivation of the invariant imbedding equa-
tions for r and t is to rewrite Eq. (6) in the form
d
dx
(
f1
f2
)
= A
(
f1
f2
)
, (16)
where A ia a 2× 2 matrix. With the definitions
f1 = ψ2, f2 =
h¯vF
E − U
dψ2
dx
, (17)
we can easily obtain
A =
(
0 E−Uh¯vF
h¯vF ky
2
E−U − E−Uh¯vF 0
)
. (18)
Then we follow the procedure described in Ref. [54] and
derive
1
k
dr
dl
= − i cos θ
2
ǫ (r − 1)2
+
i
2 cos θ
(
ǫ− sin
2 θ
ǫ
)
(r + 1)
2
,
1
k
dt
dl
= − i cos θ
2
ǫ (r − 1) t
+
i
2 cos θ
(
ǫ− sin
2 θ
ǫ
)
(r + 1) t, (19)
where r, t and ǫ are functions of l. Here, the variable l
represents the thickness of the system in the direction of
the inhomogeneity and is called the imbedding parame-
ter. The quantity r(l) denotes the reflection coefficient
of a hypothetical system of thickness l and ǫ(l) has the
same functional form as ǫ(x).
For any functional form of U and for any values of
kL and θ, we can integrate these equations from l =
0 to l = L using the initial conditions r(0) = 0 and
t(0) = 1 and obtain r(L) and t(L). The reflectance R
and the transmittance T are obtained using R = |r|2 and
T = |t|2. In the absence of dissipation, the law of energy
conservation requires that R + T = 1. In this paper,
we are mainly interested in calculating the localization
length ξ defined by
ξ = − lim
L→∞
(
L
〈lnT 〉
)
. (20)
The differential equation satisfied by lnT can be easily
derived from the second of Eq. (19).
The parameter ǫ in Eq. (19) is a random function of l.
Therefore these equations are stochastic differential equa-
tions with random coefficients. The nonrandom differen-
tial equations satisfied by the disorder-averaged quan-
tities such as 〈R〉, 〈T 〉 and 〈lnT 〉 can be derived from
Eq. (19) using standard methods of stochastic differential
equations. We will use Furutsu-Novikov formula [61, 62]
in the case of δ-correlated randomness and the formula
of differentiation of Shapiro and Loginov [63] in the case
of short-range correlated dichotomous randomness.
A. δ-correlated random potential
In the case of a δ-correlated random potential, we have
difficulty in handling the random function ǫ appearing in
the denominators of some coefficients in Eq. (19). It is
possible to raise it to the numerator if the randomness is
sufficiently weak such that∣∣∣∣δuǫ0
∣∣∣∣≪ 1, (21)
where
ǫ0 = 1− u0, u0 = U0
E
, δu =
δU
E
. (22)
Then we can use the approximation
1
ǫ
=
1
ǫ0 − δu ≈
1
ǫ0
(
1 +
δu
ǫ0
)
. (23)
It is now straightforward to derive the equation for
〈lnT 〉 using Furutsu-Novikov formula, which takes the
form
− 1
k
d〈ln T 〉
dl
=
gD1
2
cos2 θ
+
ǫ0C1
cos θ
Im(Z1)
+
2gD0D1
cos2 θ
Re(Z1) +
gD1
2
cos2 θ
Re(Z2), (24)
5where Zn (n = 1, 2, · · · ) and the parameters g, C1, D0
and D1 are defined by
Zn = 〈rn〉, g = G
4h¯vFE
, C1 =
(
1− 1
ǫ02
)
sin2 θ,
D0 = 1 + cos
2 θ +
sin2 θ
ǫ02
, D1 =
(
1 +
1
ǫ02
)
sin2 θ.
(25)
From Eqs. (20) and (24), we find that the localization
length ξ is given by
1
kξ
=
gD1
2
cos2 θ
+
ǫ0C1
cos θ
Im[Z1(l→∞)]
+
2gD0D1
cos2 θ
Re[Z1(l →∞)]
+
gD1
2
cos2 θ
Re[Z2(l →∞)]. (26)
Using the first of Eq. (19) and Furutsu-Novikov for-
mula, we can also derive an infinite number of coupled
differential equations for Zn:
1
k
dZn
dl
=
[
iǫ0
cos θ
nC0 − g
cos2 θ
n2
(
2D0
2 +D1
2
)]
Zn
+
[
iǫ0
2 cos θ
nC1 − g
cos2 θ
n(2n+ 1)D0D1
]
Zn+1
+
[
iǫ0
2 cos θ
nC1 − g
cos2 θ
n(2n− 1)D0D1
]
Zn−1
− g
2 cos2 θ
n(n+ 1)D1
2Zn+2
− g
2 cos2 θ
n(n− 1)D12Zn−2, (27)
where C0 is defined by
C0 = 1 + cos
2 θ − sin
2 θ
ǫ02
. (28)
These equations are supplemented with the initial condi-
tions Z0 = 1 and Zn = 0 for n ≥ 1. In the large l limit
corresponding to the case where the thickness of the ran-
dom region diverges, all Zn’s should approach constants
independent of l, if the disorder-averaged value of ǫ is a
constant independent of x. Then we can set the left-hand
side of Eq. (27) to zero and obtain an infinite number of
coupled algebraic equations. We solve these equations
numerically by a systematic truncation method [48] and
obtain Z1(l → ∞) and Z2(l → ∞), using which we cal-
culate the localization length.
B. Short-range correlated dichotomous random
potential
In the case of a short-range correlated dichotomous
random potential, the parameter ǫ takes only two values,
ǫ0 + σ and ǫ0 − σ, where σ is defined by σ = S/E. Then
1/ǫ fluctuates between 1/(ǫ0 + σ) and 1/(ǫ0 − σ), the
average of which is ǫ0/(ǫ0
2 − σ2). From this, we obtain
the identity
1
ǫ
=
ǫ0
ǫ02 − σ2 +
δu
ǫ02 − σ2 . (29)
In contrast to the δ-correlated case, there is no approxi-
mation involved here. The nonrandom differential equa-
tion satisfied by 〈lnT 〉 takes the form
− 1
k
d〈ln T 〉
dl
=
1
cos θ
Im
(
ǫ0C˜1Z1 − D˜1W1
)
, (30)
where Wn (n = 1, 2, · · · ), C˜1 and D˜1 are defined by
Wn = 〈rnδu〉,
C˜1 =
(
1− 1
ǫ02 − σ2
)
sin2 θ,
D˜1 =
(
1 +
1
ǫ02 − σ2
)
sin2 θ. (31)
The localization length is given by
1
kξ
=
1
cos θ
Im
[
ǫ0C˜1Z1(l→∞)− D˜1W1(l →∞)
]
. (32)
In order to obtain Z1 and W1 in the large l limit, we
need to derive an infinite number of coupled nonrandom
differential equations satisfied by Zn’s andWn’s using the
formula of differentiation of Shapiro and Loginov, which
takes the form
d〈ζjf〉
dl
=
〈
ζj
df
dl
〉
− j
lc
〈ζjf〉+ j(j − 1)
lc
σ2〈ζj−2f〉,
(33)
where j is an arbitrary nonnegative integer and the func-
tion f satisfies an ordinary differential equation with ran-
dom coefficients expressed in terms of ζ [63]. The di-
chotomous Gaussian random function ζ satisfies the con-
dition
〈ζ(l)ζ(l′)〉 = σ2 exp (−|x− x′|/lc) , 〈ζ(l)〉 = 0. (34)
By substituting f and ζ with rn and δu respectively and
taking j = 0, 1, we obtain
cos θ
ik
dZn
dl
= nǫ0C˜0Zn +
1
2
nǫ0C˜1 (Zn+1 + Zn−1)
− nD˜0Wn − 1
2
nD˜1 (Wn+1 +Wn−1) ,
cos θ
ik
dWn
dl
=
(
nǫ0C˜0 +
i cos θ
klc
)
Wn
+
1
2
nǫ0C˜1 (Wn+1 +Wn−1)
− nσ2D˜0Zn − 1
2
nσ2D˜1 (Zn+1 + Zn−1) , (35)
where
C˜0 = 1+ cos
2 θ − sin
2 θ
ǫ02 − σ2 ,
D˜0 = 1 + cos
2 θ +
sin2 θ
ǫ02 − σ2 . (36)
6They are supplemented with the initial conditions Z0 =
1, Zn = 0 for n ≥ 1 and Wn = 0 for all n. In the large
l limit, all Zn’s and Wn’s are constants independent of
l. Then we can set the left-hand sides of Eq. (35) to
zero and obtain an infinite number of coupled algebraic
equations. We solve these equations numerically by a
systematic truncation method and obtain Z1(l→∞) and
W1(l → ∞), using which we calculate the localization
length.
IV. ANALYTICAL EXPRESSIONS FOR THE
LOCALIZATION LENGTH IN THE WEAK AND
STRONG DISORDER REGIMES
Though we can solve the invariant imbedding equa-
tions, Eqs. (24), (27), (30) and (35), numerically for gen-
eral parameter values, it is highly instructive to apply the
perturbation theory to them to derive analytical expres-
sions for the localization length in some limiting cases.
A. Weak disorder regime in a δ-correlated random
potential
In the case of a δ-correlated Gaussian random poten-
tial, the imbedding equations, Eqs. (24) and (27), have
been derived assuming that the disorder is sufficiently
weak. Therefore we apply the perturbation theory to
those equations only in the weak disorder regime ex-
pressed by Eq. (21). We write the reflection coefficient
in the large l limit, r, as r = r0 + δr, where r0 is the
reflection coefficient from an interface between free space
and a half-space nonrandom medium with the parameter
ǫ0. The expression for r0 takes the form
r0 =
ǫ0 cos θ − p˜
ǫ0 cos θ + p˜
, (37)
where p˜ is defined by
p˜ =
{
sgn(ǫ0)
√
ǫ02 − sin2 θ if ǫ02 ≥ sin2 θ
i
√
sin2 θ − ǫ02 if ǫ02 < sin2 θ
. (38)
We expand Zn as
Zn = 〈(r0 + δr)n〉 =
n∑
j=0
(
n
j
)
r0
n−j〈(δr)j〉. (39)
Using this and the infinite number of algebraic equations
obtained from Eq. (27), we get an infinite number of cou-
pled equations for 〈(δr)n〉 for all integers n. We expand
these averages in terms of the small perturbation parame-
ter g. From analytical considerations and numerical cal-
culations, we can show that the leading terms for 〈δr〉
and 〈(δr)2〉 are of the first order in g, whereas that for
〈(δr)3〉 is of the second order in g, except at incident
angles close to the critical angle of total reflection θc sat-
isfying ǫ0
2 = sin2 θc. Therefore, we substitute
Z1 = r0 + 〈δr〉, Z2 = r02 + 2r0〈δr〉 + 〈(δr)2〉,
Z3 ≈ r03 + 3r02〈δr〉 + 3r0〈(δr)2〉 (40)
into Eq. (27) when n = 1, 2 in the large l limit and obtain
two coupled equations for 〈δr〉 and 〈(δr)2〉. We solve
these equations analytically and substitute the resulting
expressions into Eq. (26) to the leading order in g. From
this, we obtain the localization length of the form
1
kξ
= 2
√
sin2 θ − ǫ02 Θ
(
sin2 θ − ǫ02
)
+
4g sin4 θ
ǫ02
(
ǫ02 − sin2 θ
) , (41)
where Θ is the step function, Θ(x) = 1 for x > 0 and 0
for x < 0. We remind that the weak disorder expansion
cannot be applied if ǫ0 ≈ 0 (that is, E ≈ U0) or ǫ02 ≈
sin2 θ.
From Eq. (41), it follows that there is a symmetry un-
der the sign change of ǫ0 and θ. We also notice that in the
total reflection (or tunneling) regime where | sin θ| > |ǫ0|
and when the disorder parameter g is sufficiently small,
ξ increases as g increases from zero. This is an exam-
ple of the well-known disorder-enhanced tunneling phe-
nomenon [41, 64–68]. On the other hand, if |ǫ0| is greater
than | sin θ|, we have ξ ∝ g−1, which simply means that
localization is enhanced by weak disorder.
When θ is very close to zero, we find that kξ ≈
[ǫ0
4/(4g)]θ−4, which diverges at θ = 0 due to the Klein
tunneling effect. This θ−4 dependence of the localization
length near θ = 0 is a unique characteristic of pseudospin-
1 systems and is distinct from the θ−2 dependence occur-
ring in pseudospin-1/2 systems. If the average potential
U0 is zero, we obtain
kξ =
1
4g sin2 θ tan2 θ
. (42)
This result can be compared with the dependence ξ ∝
sin−4 θ reported in Ref. [42], which has been derived us-
ing the transfer matrix method and the surface Green
function method for a random multilayer model, when
the average potential is zero and the disorder strength is
smaller than a certain critical value. In that model, all
layers have the same thickness and the potential in each
layer is a random variable distributed uniformly in the
range [−W,W ]. In Ref. [42], it has also been reported
that ξ ∝ sin−2 θ if the disorder strength W is larger than
the critical value given by Wc = E. Our method for
the δ-correlated random potential cannot be applied to
the strong disorder regime. However, we can solve ex-
actly the case of a short-range correlated dichotomous
random potential for arbitrary strengths of disorder. In
Secs. IVB and IVC, we will show that the θ−4 depen-
dence near θ = 0 is valid in that model regardless of the
strength of disorder and the size of the correlation length.
7Next, we consider the dependence of the localization
length on the energy of the incident particle, or equiv-
alently, on the frequency and the wavelength of the in-
cident wave. For that purpose, it is more convenient to
normalize ξ by the wave number associated with the ran-
dom potential, ku, defined by
ku =
G
(h¯vF )
2 = 4kg, (43)
which is independent of energy. For simplicity, let us
consider only the case where the average potential U0 is
zero. Then it is trivial to show that
kuξ =
1
sin2 θ tan2 θ
, (44)
which is independent of energy (and, equivalently, of fre-
quency and wavelength). This result is applied in the
weak disorder limit, which corresponds to the large en-
ergy (or frequency) or short wavelength limit. However,
we will show in the next subsection that the above result
is an artifact of the δ-correlated random model, the spec-
tral density of which has no ultraviolet cutoff, and more
realistic short-range correlated random models exhibit
different behavior in the limit of asymptotically large en-
ergy.
B. Weak disorder regime in a short-range
correlated dichotomous random potential
In the case of a short-range correlated dichotomous
random potential, the wave number in the medium with
dichotomous randomness where ǫ = ǫ0 ± σ is given by
ǫ0 (1± σ/ǫ0) k. Therefore it is natural to represent the
strength of disorder by the parameter s defined by
s =
σ2
ǫ02
, (45)
where ǫ0 6= 0. In the weak disorder regime where s is
sufficiently small, we can rewrite C˜0, C˜1 , D˜0 and D˜1 in
Eqs. (31) and (36) as
C˜0 ≈ 1 + cos2 θ − sin
2 θ
ǫ02
(1 + s) ,
C˜1 ≈ sin2 θ − sin
2 θ
ǫ02
(1 + s) ,
D˜0 ≈ 1 + cos2 θ + sin
2 θ
ǫ02
(1 + s) ,
D˜1 ≈ sin2 θ + sin
2 θ
ǫ02
(1 + s) . (46)
Similarly to Sec. IVA, we write r = r0 + δr, where r0
is given by Eq. (37), and expand Zn as in Eq. (39) and
Wn as
Wn = 〈(r0 + δr)n δu〉 =
n∑
j=1
(
n
j
)
r0
n−j〈(δr)j δu〉.(47)
From analytical considerations and numerical calcula-
tions, we can show that both |〈(δr)j〉| and |〈(δr)jδu〉|
decrease rapidly as j increases. We can also demonstrate
that the leading terms for 〈δr〉, 〈(δr)2〉 and 〈δrδu〉 are of
the first order in s, while those for 〈(δr)3〉 and 〈(δr)2δu〉
are of the second order in s. From these considerations,
we derive the analytical expression for the localization
length in the weak disorder regime of the form
1
kξ
=


2
√
sin2 θ − ǫ02 +
σ2
(√
sin2 θ − ǫ02 − 2ǫ02klc
)
sin2 θ
ǫ02
(
sin2 θ − ǫ02
) (
1 + 2klc
√
sin2 θ − ǫ02
) , when sin2 θ > ǫ02, (48a)
2klcσ
2 sin4 θ
ǫ02
(
ǫ02 − sin2 θ
) [
1 + 4k2lc
2
(
ǫ02 − sin2 θ
)] , when sin2 θ < ǫ02. (48b)
From this, we find that there is a symmetry under the
sign change of ǫ0 and θ and the localization length di-
verges as θ−4 at θ = 0. In the total reflection regime
where | sin θ| > |ǫ0|, the localization length increases as
the disorder strength σ increases, only if√
sin2 θ − ǫ02 < 2ǫ02klc. (49)
Therefore, in contrast to the case of δ-correlated random-
ness, the disorder-enhanced tunneling phenomenon in the
present case occurs only when the correlation length is
sufficiently large and |ǫ0| is not too small.
We also observe that when |ǫ0| is larger than | sin θ|,
the expression given by Eq. (48b) reduces to Eq. (41) in
the limit where klc → 0 and klcσ2 → 2g. Therefore, ex-
cept in the total reflection regime, the case of δ-correlated
randomness can be considered as that of short-range cor-
related randomness in the limit where the correlation
length vanishes.
When |ǫ0| is larger than | sin θ|, we have the depen-
dence ξ ∝ σ−2 regardless of the values of other param-
eters including the correlation length. In addition, we
have a non-monotonic dependence of ξ on the correla-
tion length lc. When lc is sufficiently small, ξ is inversely
8proportional to lc, whereas when lc is sufficiently large,
it is proportional to lc, as we can see clearly from the
approximate expressions derived from Eq. (48b):
kξ =


ǫ0
2
(
ǫ0
2 − sin2 θ)
2klcσ2 sin
4 θ
, if lc ≪ lminc , (50a)
2ǫ0
2
(
ǫ0
2 − sin2 θ)2 klc
σ2 sin4 θ
, if lc ≫ lminc , (50b)
where lminc is the value of lc at which the localization
length takes a minimum value and is given by
klminc =
1
2
√
ǫ02 − sin2 θ
. (51)
When the average potential is zero, these expressions are
simplified to
kξ =


1
2klcσ2 sin
2 θ tan2 θ
, if lc ≪ lminc , (52a)
2klc
σ2 tan4 θ
, if lc ≫ lminc . (52b)
Since k
√
ǫ02 − sin2 θ is the x component of the wave
vector in the random region in an averaged sense, we can
rewrite Eq. (51) as
lminc
λeff
=
1
4π
, (53)
where we have defined an effective wavelength λeff by
λeff =
2π
k
√
ǫ02 − sin2 θ
. (54)
Therefore the two different regimes described by
Eqs. (50a) and (50b) are distinguished by the relative size
of the correlation length and the effective wavelength. In
the regime where the effective wavelength is much larger
than the correlation length, the model is effectively un-
correlated and the correlation effect can be ignored. In
the opposite regime where the effective wavelength is
much smaller than the correlation length, the correlation
effect should be important.
We next consider the dependence of the localization
length on the energy and the wavelength. In the present
model, we normalize ξ by the wave number associated
with the random potential, kd, defined by
kd =
S
h¯vF
= kσ, (55)
which is independent of energy. For simplicity, we con-
sider only the case where the average potential is zero
such that ǫ0 = 1. Then we obtain
kdξ =
1 + 4 (k/kd)
2
kd
2lc
2 cos2 θ
2kdlc sin
2 θ tan2 θ
, (56)
which can be approximated in two forms
kdξ =


1
2kdlc sin
2 θ tan2 θ
, if 1≪ kkd ≪ 12kdlc cos θ , (57a)
2kdlc
tan4 θ
(
k
kd
)2
, if kkd ≫ 12kdlc cos θ , (57b)
depending on the relative size of k/kd (= E/S). This
result is applied in the weak disorder limit, corresponding
to the large energy (or frequency) or short wavelength
limit. We notice that Eq. (57a), which is independent
of energy, is the same as the corresponding expression in
the δ-correlated case, Eq. (44), since the parameter ku
is equal to 2kd
2lc if we identify klcσ
2 with 2g. In the
asymptotically large energy limit, however, we have to
apply Eq. (57b), which shows that ξ has the dependence
ξ ∝ k2, E2, ω2, λ−2, where ω is the frequency and λ
is the wavelength. It is straightforward to verify that
similar scaling behaviors are obtained when the average
potential is nonzero.
The boundary between the two scaling regions is given
by the condition klc cos θ = 1/2. We find that in the
region described by Eq. (57a), the disorder correlation
effect is unimportant, while in the asymptotically large
energy region described by Eq. (57b), correlations play
a crucial role. In a previous paper on the localization
of pseudospin-1/2 Dirac electrons in a δ-correlated ran-
dom scalar potential, we have reported that the localiza-
tion length is independent of energy in the large energy
limit. This result was due to the use of a δ-correlated
random potential and the true behavior in the asymp-
totically large energy limit for more realistic short-range
correlated random models has to be the same ξ ∝ E2 be-
havior as obtained here. If the correlation length is very
small, however, a wide regime where ξ is independent
of energy and wavelength should precede the asymptotic
regime.
9C. Strong disorder regime in a short-range
correlated dichotomous random potential
In the strong disorder regime where s ≫ 1, we can
rewrite C˜0, C˜1 , D˜0 and D˜1 in Eqs. (31) and (36) as
C˜0 ≈ 1 + cos2 θ + sin
2 θ
ǫ02
(
1
s
+
1
s2
)
,
C˜1 ≈ sin2 θ + sin
2 θ
ǫ02
(
1
s
+
1
s2
)
,
D˜0 ≈ 1 + cos2 θ − sin
2 θ
ǫ02
(
1
s
+
1
s2
)
,
D˜1 ≈ sin2 θ − sin
2 θ
ǫ02
(
1
s
+
1
s2
)
. (58)
We note that in this perturbation regime, the parameter
ǫ0 ≈ 0 is allowed. We write r = r∞+ δr, where r∞ is the
reflection coefficient from an interface between free space
and an infinitely-disordered half-space medium with the
parameter ǫ0 and is given by
r∞ =
cos θ − 1
cos θ + 1
. (59)
Similarly to Sec. IVB, we expand Zn and Wn as
Zn = 〈(r∞ + δr)n〉 =
n∑
j=0
(
n
j
)
r∞
n−j〈(δr)j〉,
Wn = 〈(r∞ + δr)n δu〉 =
n∑
j=1
(
n
j
)
r∞
n−j〈(δr)j δu〉.
(60)
We can show that both |〈(δr)j〉| and |〈(δr)jδu〉| decrease
rapidly as j increases. We can also demonstrate the scal-
ing relationships
〈δr〉, 〈δrδu〉 ∝ s−1,
〈(δr)2〉, 〈(δr)2 δu〉 ∝ s−2,
〈(δr)3〉, 〈(δr)3 δu〉 ∝ s−3,
〈(δr)4〉, 〈(δr)4 δu〉 ∝ s−4. (61)
From these considerations, we can derive an analytical
expression of the localization length in the strong disor-
der regime of the form
kξ =
σ2
2klc sin
4 θ
(
1 +
4k2lc
2σ4
ǫ02
)
. (62)
Again, there is a symmetry under the sign change
of ǫ0 and θ. The localization length depends on θ as
ξ ∝ sin−4 θ for all parameter values. It also diverges
as ǫ0 → 0, lc → ∞ or σ → ∞. The divergence of
ξ in the strong disorder limit, which also occurs in the
pseudospin-1/2 case, is counterintuitive and can be un-
derstood from the form of the wave impedance, Eq. (11).
We find that in the strong disorder limit where δu is sta-
tistically much larger than 1, the impedance approaches
to a constant given by η ≈ | cos θ|−1. Therefore, as the
disorder strength approaches to infinity, the system be-
comes effectively nonrandom and the localization length
should diverge for all θ.
We can also understand the delocalization occurring
when ǫ0 vanishes from the form of the wave impedance.
In that case, ǫ2 is always equal to σ2 and nonrandom.
Therefore the impedance is nonrandom for any incident
angle and complete delocalization arises. However, we
stress that this type of delocalization is strictly limited to
the dichotomous randomness and will not arise in more
generic models.
It is easy to understand the delocalization occurring
when lc → ∞. In a short-range correlated model, the
potential can be considered nonrandom within the corre-
lation length lc. Therefore in the limit where lc diverges,
the potential is effectively nonrandom and localization is
destroyed.
Similarly to the weak disorder case, we have a non-
monotonic dependence of ξ on the correlation length lc,
as we can see from the approximate expressions derived
from Eq. (62):
kξ =


σ2
2klc sin
4 θ
, if lc ≪ l˜minc , (63a)
2klcσ
6
ǫ02 sin
4 θ
, if lc ≫ l˜minc , (63b)
where l˜minc is the value of lc at which the localization
length takes a minimum value and is given by
kl˜minc =
|ǫ0|
2σ2
. (64)
This condition can also be interpreted in terms of the
effective wavelength. If we take the absolute value of the
geometric average of the wave numbers in the dichoto-
mous random potential, (ǫ0+σ)k and (ǫ0−σ)k, as the ef-
fective wave number keff , we obtain keff = k|σ2−ǫ02|/|ǫ0|.
From this, we can define the effective wavelength in the
strong disorder regime as λ˜eff = 2π|ǫ0|/(kσ2). Then
Eq. (64) can be written similarly to Eq. (53).
We notice that in the regime where lc is sufficiently
small, ξ is proportional to σ2, while in the regime where
lc is sufficiently large, ξ is proportional to σ
6. The ξ ∝ σ6
scaling behavior and the crossover between the two scal-
ing regimes have never been obtained before. We stress
that these contrasting scaling behaviors are universal and
occur regardless of the value of the average potential U0,
unless U0 = E. We also point out that l˜
min
c is inversely
proportional to σ2, and therefore in the strong disorder
regime, the minimum of the localization length occurs at
a rapidly-decreasing value of klc as σ increases.
We next consider the dependence of the localization
length on the energy and the wavelength. We normalize
ξ by the wave number associated kd defined by Eq. (55)
and rewrite Eq. (62) as
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kdξ =
1
2kdlc sin
4 θ
(
k
kd
)
−4

1 + 4kd2lc2(
k
kd
− u˜0
)2

 , (65)
where u˜0 is the normalized average potential defined by
u˜0 = U0/S. In the strong disorder regime, it is necessary
to distinguish the cases where the average potential is
zero or nonzero. We first consider the case where u˜0 = 0.
Then kdξ can be approximated in two forms
kdξ =


2kdlc
sin4 θ
(
k
kd
)
−6
, if kkd ≪ 2kdlc, (66a)
1
2kdlc sin
4 θ
(
k
kd
)
−4
, if 2kdlc ≪ kkd ≪ 1, (66b)
depending on the relative size of k/kd. This result is
applied in the strong disorder limit, corresponding to
the small energy (or frequency) or long wavelength limit.
The boundary between the two scaling regions is given
by the condition k = 2kd
2lc, which is equivalent to
λ˜eff = 4πlc. We find that in the region described by
Eq. (66b), the disorder correlation effect is unimportant,
while in the asymptotically small energy region described
by Eq. (66a), correlations play a crucial role and ξ has
the dependence ξ ∝ k−6, E−6, ω−6, λ6. If the correlation
length is extremely small, then a wide regime given by
Eq. (66b), where ξ ∝ k−4, E−4, ω−4, λ4, should precede
the asymptotic regime.
On the other hand, if the average potential u˜0 is
nonzero, we can approximate Eq. (65) as
kdξ =
1 + 4 (kdlc/u˜0)
2
2kdlc sin
4 θ
(
k
kd
)
−4
, (67)
which applies if k/kd ≪ |u˜0|. Therefore, in this case,
we have the dependence ξ ∝ k−4, E−4, ω−4, λ4 in the
asymptotically small energy or long wavelength limit. In
Ref. [43], from a numerical study of a binary random mul-
tilayer model, the ξ ∝ λ6 (ξ ∝ λ4) scaling behavior was
obtained in the long wavelength limit, when the average
potential was zero (nonzero). These results agree with
ours in the asymptotic long wavelength limit. However,
the crossover between the two behaviors, which would
occur when the average potential was zero, was not in-
vestigated in Ref. [43]. An important advantage of our
result is that different scaling behaviors for different val-
ues of the average potential are incorporated in a single
formula, Eq. (65).
V. NUMERICAL RESULTS
A. Incident angle dependence
In this section, we present the results of our compre-
hensive numerical calculations obtained using the IIM
and discuss the dependencies of the localization length
on various parameters such as incident angle, disorder
correlation length, disorder strength, energy and wave-
length. We first consider the incident angle dependance.
In Fig. 1, we consider a short-range correlated dichoto-
mous random potential and plot the normalized localiza-
tion length kξ as a function of the incident angle θ in
the weak disorder regime with s = 0.01 and the strong
disorder regime with s = 100, when the average value of
the potential U0 is zero and the normalized correlation
length klc is equal to 0.01 and 100. The numerical results
obtained using the IIM are compared with the analyti-
cal formulas in the weak and strong disorder regimes,
Eqs. (48b) and (62). The agreements are perfect. All
curves show that the localization length diverges rapidly
as θ approaches to zero and complete delocalization oc-
curs at normal incidence.
In Fig. 2, we plot the normalized localization length
kξ versus |θ| in a log-log plot in the weak and strong
disorder regimes. The curves shown were obtained for
different values of the parameters u0, klc and σ
2. We find
that all curves show the same divergent scaling behavior
kξ ∝ θ−4 near θ = 0 regardless of the parameter values.
We have also performed a numerical calculation for a δ-
correlated random potential in the weak disorder regime
and found the similar θ−4 scaling behavior. In Fig. 3, we
plot kξ versus θ when the average potential U0 is zero and
the disorder parameter in the δ-correlated case g is equal
to 0.00005 and compare it with the result obtained for
the short-range correlated case with klc = 0.01 and σ
2 =
0.01. For the parameters chosen to satisfy the condition
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FIG. 1. Normalized localization length kξ plotted versus in-
cident angle θ in (a) the weak disorder regime with s = 0.01
and (b) the strong disorder regime with s = 100, when the
average potential U0 is zero and the normalized correlation
length klc is equal to 0.01 and 100. The numerical results
obtained using the IIM are compared with the analytical for-
mulas in the weak and strong disorder regimes, Eqs. (48b)
and (62).
klcσ
2 = 2g, we find that the agreement between the two
results is perfect.
B. Disorder correlation length dependence
It is well-known that disorder correlations play a sig-
nificant role in localization phenomena. In Fig. 4, we plot
the normalized localization length kξ versus normalized
correlation length klc in a log-log plot, when the incident
angle θ is fixed to 30◦ and ǫ0 (= 1 − u0) is 1 or 2. We
consider the weak disorder regime where s = 0.001, the
strong disorder regime with s = 1000 and the interme-
diate disorder regime where s = 5. In all cases, the lo-
calization length shows a non-monotonic dependence on
lc. As lc increases from zero to infinity, the localization
length initially decreases as ξ ∝ lc−1, attains a minimum
value at lminc or l˜
min
c given by Eqs. (51) and (64), and
then increases as ξ ∝ lc. In the weak and strong disor-
der regimes, the numerical results obtained using the IIM
agree very well with the analytical formulas, Eqs. (48b)
and (62), respectively. We have checked that in the weak
1010
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FIG. 2. Normalized localization length kξ plotted versus |θ| in
a log-log plot in the (a) weak and (b) strong disorder regimes.
The five curves are obtained for different values of the param-
eters u0, klc and σ
2, which are indicated on the figure. All
curves show the divergent behavior kξ ∝ θ−4 near θ = 0.
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FIG. 3. Normalized localization length kξ plotted versus in-
cident angle θ in the weak disorder regime when U0 = 0. The
solid curve corresponds to the δ-correlated (or uncorrelated)
case with g = 0.00005, while the dashed one corresponds to
the short-range correlated case with klc = 0.01 and σ
2 = 0.01.
disorder regime, the value of lc at which ξ takes a mini-
mum, lminc , is independent of the disorder strength s (or
σ). As s increases, however, this value decreases gradu-
ally and, in the strong disorder regime, l˜minc behaves as
l˜minc ∝ σ−2 as given in Eq. (64).
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FIG. 4. Normalized localization length kξ plotted versus nor-
malized correlation length klc in a log-log plot, when ǫ0 = 1, 2,
θ = 30◦ and (a) s = 0.001, (b) s = 1000, (c) s = 5. In (a)
and (b), the numerical results obtained using the IIM are
compared with the analytical formulas, Eqs. (48b) and (62),
respectively.
C. Disorder strength dependence
We now consider the dependence of the localization
length on the strength of disorder σ2 in the short-range
correlated model. In Fig. 5, we plot the normalized lo-
calization length kξ versus σ2 in a log-log plot, when
klc = 0.001, U0 = 0 and θ = 30
◦. A very wide range of σ2
from 10−4 to 106 is considered. First, we notice that the
localization length has an extremely sharp dip at σ2 = 1.
We have carefully checked that the localization length
actually vanishes at this value, implying an extreme lo-
calization. This unique phenomenon in pseudospin-1 sys-
tems arises due to the flat band located at E = U and
is directly related to the singularity of the wave equa-
tion, Eq. (6), at E = U , or equivalently, to that of the
invariant imbedding equation, Eq. (19), at ǫ = 0. For
our dichotomous random potential, the singularity con-
dition corresponds to E = U0 ± S, which is equivalent
to ǫ0 = ±σ. When U0 is zero, this condition becomes
σ2 = 1.
We notice that there are three distinct scaling regions.
In the weak disorder region where σ2 ≪ 1, the local-
ization length decreases as ξ ∝ σ−2 as σ increases from
zero. This scaling behavior is independent of the size of
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FIG. 5. Normalized localization length kξ plotted versus dis-
order strength σ2 in a log-log plot, when klc = 0.001, U0 = 0
and θ = 30◦. The numerical results obtained using the IIM
are compared with the analytical formulas, Eqs. (48b), (63a)
and (63b), respectively.
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FIG. 6. Normalized localization length kξ plotted versus dis-
order strength σ2 in a log-log plot, when klc = 0.5, θ = 30
◦
and ǫ0 = 0.1, 0.49, 0.5, 0.6.
the correlation length as can be seen from Eqs. (50a) and
(50b) and agrees very well with the analytical formula,
Eq. (48b). In the strong disorder region where σ2 ≫ 1,
we notice that ξ increases monotonically as the disor-
der strength increases, which implies that localization is
destroyed by infinitely strong disorder, similarly to the
pseudospin-1/2 case [41]. There are two different scaling
behaviors given by Eqs. (63a) and (63b). The crossover
between them occurs at the value of σ2 determined by
Eq. (64), namely, σ2 = ǫ0/(2klc) = 500 for the parame-
ter values used here. As we have discussed in Sec. IVC,
in the region where ξ ∝ σ2, the effective wavelength is
sufficiently larger than the correlation length and the cor-
relation effect is negligible. In contrast, in the asymptot-
ically strong disorder region where ξ ∝ σ6, the effective
wavelength is much smaller than the correlation length
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FIG. 7. Normalized localization length kξ plotted versus dis-
order strength g (uncorrelated case) or klcσ
2/2 (short-range
correlated case) when U0 = 0 and θ = 30
◦. The solid curve
represents the uncorrelated case. The dashed and dotted
curves represent the short-range correlated case for various
values of klc.
and the correlation effect becomes highly relevant. The
occurrence of the σ6 scaling behavior and the crossover
between the two scaling regions have not been obtained
before.
Next, we consider the case where U0 is nonzero. We
first point out that the three scaling regions where ξ is
proportional to σ−2, σ2 or σ6 also occur in this case, ex-
cept in the total reflection regime where |ǫ0| < | sin θ|.
In Fig. 6, we plot the normalized localization length kξ
versus σ2 in a log-log plot, when klc = 0.5, θ = 30
◦ and
ǫ0 = 0.1, 0.49, 0.5 and 0.6. We verify that the sharp
dips of the curves occur precisely at the σ2 values equal
to ǫ0
2 as is expected. For the incident angle θ = 30◦,
the critical value of |ǫ0| is equal to 0.5. We find that
the localization length shows a nontrivial scaling behav-
ior of the form ξ ∝ σ−2/3 in the weak disorder region
at ǫ0 = 0.5, whereas it scales as ξ ∝ σ−2 if ǫ0 > 0.5.
Contrasting scaling behaviors of this kind are observed
in all systems showing the disorder-enhanced tunneling
phenomenon [41, 68]. We have performed a similar cal-
culation for the δ-correlated case and found that at the
critical value, ξ scales as ξ ∝ g−1/3, which is equivalent
to the result in the short-range correlated case. Precisely
the same scaling behavior was previously obtained in the
pseudospin-1/2 case [41].
In contrast to the δ-correlated case, the disorder-
enhanced tunneling phenomenon in the present case does
not occur in the whole total reflection regime, but is lim-
ited to the parameter region where both Eq. (49) and the
condition |ǫ0| < | sin θ| are satisfied. For the parameter
values used here, this gives the bound 0.455 < ǫ0 < 0.5.
For ǫ0 = 0.49, we find that ξ initially increases to a
maximum and then decreases as σ increases, while for
ǫ0 = 0.1, ξ decreases monotonically until the dip at
σ2 = ǫ0
2.
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FIG. 8. Energy dependence of the localization length in the
short-range correlated case when the average potential U0 is
zero. ξ is normalized by the wave number associated with dis-
order, kd [see Eq. (55)], and k/kd (= E/S) is the normalized
energy variable. In (a), the parameters used are θ = 30◦ and
kdlc = 0.001. The IIM result is compared with the analytical
formulas, Eqs. (66a), (66b), (57a) and (57b). (b) Normalized
localization length kdξ plotted versus k/kd when θ = 30
◦ and
kdlc = 0.00001, 0.001, 0.1.
Finally, in Fig. 7, we compare the scaling behaviors
in the weak disorder limit between the δ-correlated case
and the short-range correlated case, when U0 = 0 and
θ = 30◦. We find that the agreement between the two
is perfect in the weak disorder limit, if we identify g =
klcσ
2/2. The sharp dips in the short-range correlated
case occur precisely at klcσ
2/2 = klc/2. We observe
that the result from the δ-correlated model does not show
a sharp dip because our method in this case does not
capture the singularity effect due to the flat band.
D. Energy and wavelength dependence
In Secs. IVB and IVC, we have discussed the energy
and wavelength dependence of the localization length in
the weak and strong disorder regimes in the short-range
correlated case. We have found that when the average
potential U0 is zero, there should appear four different
scaling regions depending on energy or wavelength. In
Fig. 8(a), we show the result of the IIM calculation when
kdlc = 0.001, U0 = 0 and θ = 30
◦. The sharp dip oc-
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FIG. 9. Energy dependence of the localization length in the
short-range correlated case when the average potential U0 is
nonzero. The normalized localization length kdξ is plotted
versus k/kd when θ = 30
◦, kdlc = 0.1 and (a) u˜0 = U0/S =
0.001, (b) u˜0 = 2, (c) u˜0 = 1.
curs at the expected position k/kd = E/S = 1, which
is obtained from the condition E = U0 ± S = ±S. We
see clearly that there are four scaling regions, where ξ is
proportional to E−6, E−4, E0 or E2, or equivalently, to
λ6, λ4, λ0 or λ−2. The IIM result is compared with the
analytical formulas, Eqs. (66a), (66b), (57a) and (57b)
and the agreements are quite good.
The crossover between different scaling behaviors is
predicted to occur at k/kd = 2kdlc = 0.002 in the small
energy region and at k/kd = 1/(2kdlc cos θ) ≈ 577.35
in the large energy region and the curve shows a good
agreement with the predictions. As we have shown in
Secs. IVB and IVC, both crossovers occur when the rel-
ative magnitudes of the disorder correlation length and
the effective wavelength change in the weak and strong
disorder regimes respectively. In the E−4 and E0 scaling
regions, the effective wavelength is much larger than the
correlation length and the correlation effect is negligible,
while in the E−6 and E2 scaling regions, the effective
wavelength is much smaller than the correlation length
and the correlation effect is important.
In Fig. 8(b), we compare the curves obtained for differ-
ent values of kdlc. When kdlc is 0.00001, the crossovers
should occur at k/kd = 0.00002 and k/kd ≈ 57735. Since
these values are outside of the range shown here, we
10-1
107
1015
1023
10-6 10-4 10-2 100 102
10-1
107
1015
1023
 E-2, 2
 E-4, 4
(b)
k d
 u0=1
 0.999
 0.99
 0.9
(a)
 E-2, 2
 E-4, 4
k d
k/kd
 u0=1
 1.001
 1.01
 1.1
FIG. 10. Energy dependence of the localization length in the
short-range correlated case when the parameter u˜0 (= U0/S)
is close to 1. The normalized localization length kdξ is plotted
versus k/kd when θ = 30
◦, kdlc = 0.1 and (a) u˜0 ≤ 1, (b)
u˜0 ≥ 1.
should observe only the E−4 and E0 scaling behaviors,
as can be verified from the figure. On the other hand,
when kdlc is 0.1, the crossovers occur at k/kd = 0.2 and
k/kd ≈ 5.77.
In Sec. IVC, we have proved that when the average po-
tential U0 is nonzero, the scaling behavior in the asymp-
totically small energy or long wavelength limit should be
ξ ∝ E−4, λ4 instead of ξ ∝ E−6, λ6. In Fig. 9, we plot
the normalized localization length kdξ versus k/kd when
θ = 30◦, kdlc = 0.1 and the parameter u˜0 (= U0/S)
takes the values 0.001, 2 and 1. We expect that sharp
dips should occur at k/kd = u˜0± 1. This condition gives
k/kd = 1.001 in Fig. 9(a), k/kd = 1, 3 in Fig. 9(b) and
k/kd = 2 in Fig. 9(c), which are confirmed in the fig-
ures. In addition, we observe that sharp delocalization
peaks appear when the condition E = U0 is satisfied.
This condition is equivalent to k/kd = u˜0, which is also
confirmed in the figures. We have checked carefully that
the localization length diverges precisely at k/kd = u˜0.
Except when u˜0 is either 0 or 1, we confirm that the
scaling behavior in the asymptotically small energy limit
is indeed given by ξ ∝ E−4. However, if u˜0 is very close
to zero as in Fig. 9(a), ξ follows the scaling behavior
ξ ∝ E−6 first and then crosses over to ξ ∝ E−4 as the
energy decreases to zero. The ξ ∝ E−2 scaling behavior
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FIG. 11. Normalized localization length kξ in the short-range
correlated case plotted versus |ǫ0| when θ = 30
◦ in the strong
disorder regime in a log-log plot. All curves show the diver-
gent scaling behavior kξ ∝ ǫ0
−2.
shown in Fig. 9(c) for u˜0 = 1 is peculiar and is differ-
ent from the other cases. Our perturbation theory in
the weak and strong disorder regimes given in Secs. IVB
and IVC cannot be applied to this case, since the per-
turbation parameter s is given by s = σ2/(1−σ)2, which
approaches to 1 in the small energy limit where σ di-
verges. Therefore s is neither large nor small and the
perturbation expansion does not work. Since U0 is equal
to S when u˜0 = 1, our dichotomous random potential
fluctuates randomly between 0 and 2S. In Ref. [43],
it was reported that in a random superlattice structure
where layers with zero potential and those with a ran-
dom potential were alternated periodically, the localiza-
tion length scaled as ξ ∝ λ2 in the long wavelength limit.
Though this case and our case with u˜0 = 1 are similar and
show the same scaling behavior, there is a subtle differ-
ence between them. In our case, the potential fluctuates
randomly between 0 and a constant value 2S, while in
Ref. [43], it alternates periodically between 0 and a ran-
dom value. The common feature is the occurrence of the
regions where the potential is identically equal to zero.
We elucidate the scaling behavior in the u˜0 = 1
case further by calculating the localization length for u˜0
slightly different from 1. In Fig. 10, we plot the normal-
ized localization length kdξ versus k/kd when θ = 30
◦,
kdlc = 0.1 and u˜0 is very close to 1. As is expected,
sharp dips occur at u˜0 ± 1 and sharp peaks occur at u˜0.
We find that as the energy decreases to zero, the scaling
follows ξ ∝ E−2 first and then crosses over to ξ ∝ E−4.
Therefore the E−2 scaling behavior strictly occurs only
when u˜0 = 1.
Finally, in Fig. 11, we show how the localization length
diverges when E approaches U0, or equivalently, when ǫ0
approaches zero for several parameter values. We find
that ξ always diverges as ξ ∝ ǫ0−2. The sharp delo-
calization peaks appearing in Figs. 9 and 10 obey this
behavior. A similar result was reported in Ref. [43].
VI. CONCLUSION
In this paper, we have studied the Anderson localiza-
tion of 2D massless pseudospin-1 Dirac particles in a ran-
dom 1D scalar potential theoretically. We have explored
the effect of disorder correlations by solving the Dirac
equation with short-range correlated dichotomous ran-
dom potential for all strengths of disorder. Using the
invariant imbedding method, we have calculated the lo-
calization length in a numerically exact manner and an-
alyzed its dependencies on incident angle, disorder corre-
lation length, disorder strength, energy, wavelength and
average potential extensively over a wide range of pa-
rameter values. We have also derived concise analyti-
cal expressions for the localization length, which are ex-
tremely accurate in the weak and strong disorder regimes.
Using the effective wave impedance derived from the
pseudospin-1 Dirac equation, we have obtained several
delocalization conditions for which the localization length
diverges. We have also obtained a condition for which the
localization length vanishes. For all cases studied in this
paper, we have found that the localization length de-
pends non-monotonically on the correlation length and
diverges as θ−4 at normal incidence. As the disorder
strength and the energy (or wavelength) vary from zero
to infinity, we have found that there appear several dif-
ferent types of scaling behaviors with different values of
the scaling exponent. We have explained the crossover
between different scaling behaviors in terms of the rela-
tive magnitude of the correlation length and the effective
wavelength.
We hope our results will stimulate future experi-
ments on localization in pseudospin-1 systems. Our ap-
proach can be easily adapted to the case where both
the random scalar and vector potentials are present.
It is also straightforward to apply our method to
other pseudospin-N systems such as pseudospin-3/2 and
pseudospin-2 systems. These directions of research will
be pursued in the future.
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